In this paper, we study the error bound of non-lower semicontinuous functions. First, we extend the concepts of strong slope and global slope to the non-lower semicontinuous functions. Second, by using the two concepts, some characterizations of the existence of the global and local error bounds are given for the non-lower semicontinuous functions. Especially, we get a necessary and sufficient condition of global error bounds for the non-lower semicontinuous functions. Moreover, it is shown by an example that the strong slope and the global slope cannot characterize the error bounds of the non-lower semicontinuous functions. Third, we emphasize the special case of convex functions defined on Euclidean space. Although the strong slope and the global slope cannot characterize the error bounds of the non-lower semicontinuous functions, they could be used to characterize the error bounds of the non-lower semicontinuous convex functions. We get several necessary and sufficient conditions of global error bounds for the non-lower semicontinuous convex functions.
Introduction
Error bounds have important applications in the sensitivity analysis of mathematical programming and in the convergence analysis of some algorithms. For example, the theory of error bound can be useful in the convergence analysis in the algorithm in solving optimization problem [1] [2] [3] , variational inequality problem [4, 5] , and identifying the active constraint [6] . Many researchers have focused their attention on the study of the error bound (see [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] and the references therein). We refer the interested reader to the surveys by Azé [8] , Fabian et al. [13] , Lewis and Pang [18] , and Pang [23] .
Although there is an extensive literature body on error bound, there is little literature on the error bound of the non-lower semicontinuous functions. In this paper, we study error bounds for the non-lower semicontinuous functions. The study of an inequality defined by a non-lower semicontinuous function arose from a broad class of outer approximation methods for convex optimization (see [26] and the references therein). It is also a theoretical interest to study error bounds without lower semicontinuity [16] . Some commonly studied non-lower semicontinuous functions include the indicator functions of non-closed sets. For example, the feasible direction cones of a closed convex set may not be closed, thus their indicator functions may not be lower semicontinuous [27] .
The paper is organized as follows. In Sect. 2, we provide some preliminaries. In Sect. 3, we extend the concepts of strong slope and global slope to the non-lower semicontinuous functions. By using the two concepts, some characterizations of the global and local error bounds are given for the non-lower semicontinuous functions. Especially, we get a necessary and sufficient condition of global error bounds for the non-lower semicontinuous functions. In Sect. 4, we emphasize the special case of the non-lower semicontinuous convex functions defined on Euclidean space. We get several necessary and sufficient conditions of global error bounds for the non-lower semicontinuous convex functions. Moreover, the results imply that the strong slope and the global slope could be used to characterize the error bound of the non-lower semicontinuous convex functions. Finally, we make some conclusions in Sect. 5.
Preliminaries
Throughout the paper, unless otherwise specified, let (X, d) be a complete metric space, f : X → R ∪ {+∞} be a non-lower semicontinuous function. The lower semicontinuous hull of the function f is defined by cl f (x) := min{lim inf y→x f (y), f (x)}. As usual, dom f := {x ∈ X|f (x) < +∞} denotes the effective domain of f , 
Let σ (f ) denote the supremum of τ ∈ [0, +∞) such that
Definition 2.2 Letx ∈ X such that f (x) ≤ 0. We say that f has a local error bound atx if there exist a neighborhood U ofx and a positive constant σ such that
Next, we recall the notion of strong slope introduced by De Giorgi et al. [28] . The strong slope was used by several authors to give characterizations of error bound for the lower semicontinuous functions (see [7, 9, 29] ).
Definition 2.3
The strong slope of function f at x ∈ dom f is defined by
The following notion (called nonlocal slope in [30] ) was first introduced by Ngai and Théra in [21, Theorem 2.1].
Definition 2.4
The global slope of function f at x ∈ dom f is defined by
In Sect. 3, we will give an example to show that the strong slope and the global slope cannot be used to characterize the error bound of the non-lower semicontinuous functions (see Example 3.1).
Global and local error bounds
In this section, we extend the concepts of strong slope and global slope to the non-lower semicontinuous functions and use them to give some necessary and/or sufficient conditions for the global and local error bounds of the non-lower semicontinuous functions.
Definition 3.1
The closed strong slope of f at x ∈ dom f is defined by
Definition 3.2
The closed global slope of f at x is defined by
According to the above definitions, one can easily get the following proposition.
The following proposition implies that the closed strong slope and the closed global slope of the function f is the strong slope and the global slope of the function cl f , respectively.
Proof We only prove (ii), and one can get (i) in a similar way.
(ii) If cl f (x) = +∞, then the conclusion is clearly established. Without loss of generality, suppose that cl f (x) < +∞.
. Since |∇ cl f | * (x) > 0 and cl f (x) < +∞, the sequence {u n } is bounded. There exists a subsequence {u n k } of {u n } such that lim n k →∞ u n k = x * . We consider two cases.
From the definition of the closure hull, one has
. For every u n k , take a point v k such that
Thus,
The following proposition gives some sufficient conditions for the nonemptiness of the set [f ≤ 0]. inf X cl f (x) ≥ 0. Letx ∈ dom f , then there exist σ ∈ (0, σ ) and r ∈ (0, +∞) such that
Proposition 3.3 If inf
By virtue of the Ekeland variational principle [31] , there exists
The following theorem gives two global error bound criteria for the non-lower semicontinuous functions.
Proof If σ ≤ 0, then the conclusions are clearly established. In the following, we assume that σ > 0. From Proposition 3.3, one can get The following example implies that the strong slope and the global slope cannot be used to characterize the error bound of the non-lower semicontinuous functions.
From Proposition 3.2, we have
Example 3.1 Let Q denote the set of all rational numbers and P denote the set of all irrational number. Let f : R → R be defined as Next, we give the characterizations of local error bounds for the non-lower semicontinuous functions.
Proof By Proposition 3.1(i), we only need to show the first inequality. We may assume that the left-hand side of the inequality is finite. Thus A = ∅, and so
, there existsx ∈ A such that
By virtue of the Ekeland variational principle [31] , there existsx
One can get |∇f | * (x) ≤ σ . Thus inf D |∇f | * (x) ≤ σ , and the conclusion follows.
As a special case of Theorem 3.2 that U is singleton, some characterizations of the local error bounds are obtained as follows.
, that is, f has a local error bound atx.
The convex case
In this section, we focus our discussion on the convex case. We show that the strong slope and the global slope could be used to characterize the error bound of the non-lower semicontinuous convex functions under mild assumptions. Throughout this section, let X = R n be the n-dimensional Euclidean space with Euclidean norm · and f : R n → R ∪ {+∞} be a non-lower semicontinuous convex function. Let ri(dom f ) denote the relative interior of the set dom f . It is well known from convex analysis (see, for example, [32] ) that cl f (x) = f (x) for all x ∈ ri(dom f ).
Proof According to Proposition 3.1, we only need to show that |∇f | * (x) ≤ |∇f | * (x) and
The proof is completed. |∇f | * (x).
By Theorem 3.1 and Proposition 4.2, we have the following result, which gives characterizations of global error bounds for the non-lower semicontinuous convex functions.
